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Abstract. This paper uses a simple model to estimate the power output of Stirling engine when 

giving the pistons a continuous motion with a prescribed pattern, fixed frequency, and a 

variable phase shift for different operational temperature ratios.  Two continuous motions 

patterns, sinusoidal and modified sinusoidal, have been examined against the discontinuous 

motion of the ideal cycle.  The power produced from engines having continuously moving 

pistons is lower than the power produced from the ideal cycle.  The power ratio decreases as 

the temperature ratio increases.  the highest produced power with a temperature ratio of 1.5, is 

97% of the ideal cycle and  it occurs at a phase-shift of 81o.  Operating at 10o off the highest 

power phase shift condition reduces the output power by 5-7%.  For modified sinusoidal 

motion, the highest output power is 88% when the phase shift is 55o.  Operating at 10o off the 

maximum power phase shift condition reduces the output power by 2%.  Moreover, at the 

highest output phase shift condition, the power output ratio drops from 97% to 93%, for 

sinusoidal motion as the cycle temperature ratio changes from 1.5 to 3.  For modified sinusoidal 

motion, the output power drops from 88% to 78% at the highest phase shift condition. 
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1. Introduction  

Oil high prices, pollution control, 

and global warming reducing policies call 

for replacing the traditional power systems 

with environmentally safe power sources 

[1-3].  Stirling cycle machines operated by 

solar energy or waste heat are promising 

future solutions for engines [4] and coolers 

[5].  Stirling machines are regenerative 

closed cycle machines that have low noise 

levels and high efficiency and can operate 

at low temperatures or at elevated 

temperatures [6]. 

 
* Corresponding author: mhazmy@kau.edu.sa 

Figure 1 shows an ideal Stirling 

cycle that consists of four reversible 

processes performed by inviscid ideal 

working fluid.  The four processes of the 

Stirling cycle are isochoric heat addition, 

isothermal expansion, isochoric heat 

rejection and isothermal compression.  

Figure 2 shows a schematic of the Stirling 

machine.  The machine has two pistons 

each is contained inside a separate 

isothermal cylinder.  The piston-cylinder 

arrangement is called working space that is 

maintained at a specific temperature.  The 

two cylinders are connected by an ideal 

regenerator.  The working fluid shuttles 
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between the two working spaces absorbs 

and rejects heat as it moves between the two 

working spaces.

 

 
(a) (b) 

Figure 1 Stirling Cycle,  (a) PV diagram,  (b) TS diagram 

 

Efforts to improve the performance 

of Stirling machines never stop, several 

attempts have been reported in the literature 

[7-11].  These include optimizing operating 

temperature and pressure ratios [7-8], 

comparing different working fluids [9], 

examining the effect of the ratio of the dead 

volume and the details of the piston motion 

[10-12].   Results of both experimental and 

analytical studies on the performance of 

Stirling engines [13], Stirling heat pumps 

[14-15], and Stirling liquefiers and coolers 

[16-18] are available. 

The pistons of the ideal Stirling 

cycle have a discontinues motion, the 

pistons in real Stirling machines, however, 

move in continuous motion.  Discontinues 

motion is difficult to maintain, therefore, 

sinusoidal motion is usually the chosen 

pattern.  Although Sinusoidal motion is 

easy to maintain, it yields a lower 

performance compared to discontinuous 

motion.  This is expected because the 

pistons speed in sinusoidal motion is slower 

near the cylinder's two dead centers and 

faster near the middle of the stroke.  This 

does not happen in the discontinuous 

motion. The difference in the motion 

pattern determines the change in the mass 

flow rate of the working fluid entering to 

and leaving (or dwelling) the working 

spaces the ultimately affects the 

performance of the machine because.  The 

details the motion of the pistons along with 

the type of the thermal process determine 

the changes in temperature and pressures of 

the working fluid throughout the different 

states of the cycle, and therefore, the shape 

of the thermodynamic cycle. 

Ranieri et al [19] reported a 65% 

reduction in the efficiency when the pistons 

of an alpha type Stirling engine have a 

sinusoidal motion.  Červenka [20] reported 

a power drop by 82% when pistons move in 

sinusoidal motion compared to the 

discontinuous motion of the ideal cycle.  

Briggs [21] achieved 14% power increase 

by manipulated electrically the sinusoidal 

volume change of a free-piston Stirling 

engine.  By using a linear electric motor 

Gopal [22] reported a 15% increase in 

efficiency.  Craun and Bemiah [23] 

reported that a non-sinusoidal motion 

enhances the performance of the Stirling 

engine by 40% more than to sinusoidal 

motion.  Masser et al [24] reported that the 
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cycle output power may increase when the 

pistons motion adjusted to a modified type 

of a sinusoidal motions.  An optimum 

performance should balance between 

maximizing the output power and the 

overall performance [24-25].  A way to 

minimize the deviation between the 

sinusoidal and the discontinuous motion to 

control the phase shift between the motion 

of the compression piston and the 

expansion piston [26-28]. 

The aim of the present paper is to 

show the effect of the motion pattern on the 

performance of a Stirling engine.  The heat 

addition and heat rejection in Stirling cycle 

occur along isothermal processes, 

therefore, the power output is chosen to be 

the performance indicator to compare effect 

of different motion patterns.  The two 

pistons are given are prescribed motion 

with a fixed frequency and a phase shift. 

Two different motion patterns, sinusoidal 

and modified sinusoidal, are examined 

against the discontinuous motion of the 

ideal cycle, at different operational 

temperature ratios and different angles of 

phase shifts.  

 

 

 

2. Analysis 

Figure 2 shows a schematic of a 

Stirling engine that consists of an expansion 

space, a hot heat exchanger, a regenerator, 

a cold heat exchanger, and a compression 

space.  The expansion and compression 

spaces are called working spaces. Each 

working space is a piston moving inside a 

cylindrical chamber and encloses ideal gas 

as the working fluid.  As the pistons move 

the fluid transfers from one expansion 

spaces through the two heat exchangers and 

the regenerator until it reaches the other 

working space.   

In details, as pistons move, the 

volume and the pressure in each 

compartment of the machine change.  The 

pressure difference causes the mass to 

move from one side of the machine to the 

other.  Urieli and Berchowitz [6] presented 

a simple model for these changes, based on 

which a theoretical model to relate the 

machine performance is presented below.  

The analysis assumes that the working is 

ideal gas, perfect regenerator, isothermal 

heat exchangers, and adiabatic hot and the 

cold working spaces. 

 

 

Figure 2. Schematic of a typical Stirling Engine 

 

The model starts by describing the motion, xc and 

xe of the compression and expansion pistons, 

respectively, as a function of time.  There is a time 

lag (phase shift),  , between the motion of the 

two pistons, Eq. (1).  
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𝑥𝑐(𝑡) = 𝑓𝑐(𝑡)        

𝑥𝑒(𝑡) = 𝑓𝑒(𝑡 + 𝛼)
}               (1) 

 

The volume of each working space depends on 

the piston position as,  

 
𝑉𝑐(𝑡) = 𝐴𝑐 𝑥𝑐(𝑡) + 𝑉𝑑𝑐
𝑉𝑒(𝑡) = 𝐴𝑒 𝑥𝑒(𝑡) + 𝑉𝑑𝑒

}            (2) 

 

Note that Ac and Ae are the cross-sectional areas 

of the compression and expansion spaces, 

respectively, similarly, Vdc and Vde are the dead 

volumes in the compression and expansion spaces, 

respectively.  Although the mass of the working 

fluid in each compartment changes during 

operation, the total mass filling up all the 

compartments of the Engine is constant, 

 

𝑀𝑡𝑜𝑡 = 𝑚𝑐 + 𝑚𝑘 +𝑚𝑟 +𝑚ℎ +𝑚𝑒    (3) 

 

But dMtot=0  Therefore, 

  

𝑑𝑚𝑐 + 𝑑𝑚𝑘 + 𝑑𝑚𝑟 + 𝑑𝑚ℎ + 𝑑𝑚𝑒 = 0     (4) 

 

The ideal gas law relates the mass of the fluid 

occupying each compartment of the engine to the 

volume, pressure and temperature of each 

compartment as follows,  

 

   𝑚𝑐 =
𝑃 𝑉𝑐

𝑅 𝑇𝑐
    

𝑚𝑘 =
𝑃 𝑉𝑘

𝑅 𝑇𝑘

                

𝑚𝑟 =
𝑃 𝑉𝑟

𝑅 (𝑇𝑒−𝑇𝑐) 𝑙𝑛(
𝑇𝑒
𝑇𝑐
)

𝑚ℎ =  
𝑃 𝑉ℎ

𝑅 𝑇ℎ
               

𝑚𝑒 =
𝑃 𝑉𝑒

𝑅 𝑇𝑒
              }

 
 
 
 

 
 
 
 

                    (5) 

Substituting the relations from Eq. (5) into Eq. (3) 

yields,  

𝑀𝑡𝑜𝑡 =
𝑃 𝑉𝑐
𝑅 𝑇𝑐

+
𝑃 𝑉𝑘
𝑅 𝑇𝑘

+
𝑃 𝑉𝑟

𝑅 (𝑇𝑒 − 𝑇𝑐) 𝑙𝑛 (
𝑇𝑒
𝑇𝑐
)
 

+
𝑃 𝑉ℎ

𝑅 𝑇ℎ
+
𝑃 𝑉𝑒

𝑅 𝑇𝑒
                       (6) 

 

To obtain the mass flow rate entering or leaving 

each compartment, one may use the first law of 

thermodynamics in the differential form.  In the 

absence of the variations in kinetic and potential 

energy, and assuming the working fluid to be an 

ideal gas the first law of thermodynamics in the 

differential form is 

𝑑𝐸𝑐𝑣 = 𝛿𝑄 − 𝛿𝑊 + 𝑑𝐻𝑖𝑛 − 𝑑𝐻𝑜𝑢𝑡          (7) 

 

The heat exchangers, the regenerator, and each 

working space, at every instant, either receive or 

deliver fluid, moreover, the compression space is 

adiabatic, and the work is a boundary work 𝑊 =
𝑃 𝑑𝑉, therefore the first law of thermodynamics, 

Eq. (7), becomes,  

𝑐𝑣  𝑑(𝑚𝑐𝑇𝑐) = −𝑃 𝑑𝑉𝑐 + 𝑐𝑝 𝑇𝑐 𝑑𝑚𝑐        (8) 

Note that for ideal gas 𝑚 𝑇 =
𝑃 𝑉

𝑅
, therefor Eq (8) 

can be rewritten as 

 
𝑐𝑣

𝑅
 [𝑃 𝑑𝑉𝑐 + 𝑉𝑐 𝑑𝑃]  = −𝑃 𝑑𝑉𝑐 + 𝑐𝑝 𝑇𝑐 𝑑𝑚𝑐    (9) 

 

Rearranging Eq. (9), the change in the mass 

inside the compression space becomes 

 

𝑑𝑚𝑐 =

𝑉𝑐
𝛾
𝑑𝑃+𝑃 𝑑𝑉𝑐

𝑅𝑇𝑐
                     (10) 

Similarly, the change in the mass in the 

expansion space is, 

𝑑𝑚𝑒 =

𝑉𝑒
𝛾
𝑑𝑃+𝑃 𝑑𝑉𝑒

𝑅𝑇𝑒
                    (11) 

The volume and the temperature of each heat 

exchanger and the regenerator are fixed, therefore 

the ideal gas law gives the change in the mass 

inside them as 

𝑑𝑚𝑘 =
𝑉𝑘

𝑅𝑇𝑘
𝑑𝑃

𝑑𝑚𝑟 =
𝑉𝑟

𝑅𝑇𝑟
𝑑𝑃

𝑑𝑚ℎ =
𝑉ℎ

𝑅𝑇ℎ
𝑑𝑃}
 
 

 
 

                       (12) 

The mass balance on the heat exchangers gives, 

𝑚𝑐𝑘 = −𝑑𝑚𝑐         
𝑚𝑘𝑟 = 𝑚𝑐𝑘 − 𝑑𝑚𝑐

𝑚𝑒ℎ = 𝑑𝑚𝑒             
𝑚𝑟ℎ = 𝑚ℎ𝑒 − 𝑑𝑚ℎ

}                      (13) 

Substituting from Eqs. (10)-(13) into Eq.(4), the 

change in the pressure in the machine is, 
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𝑑𝑃 =
−𝛾 𝑃 (

𝑑𝑉𝑐
𝑇𝑐
 + 

𝑑𝑉𝑒
𝑇𝑒
)

𝑉𝑐
𝑇𝑐
 + 𝛾 (

𝑉ℎ𝑐
𝑇ℎ𝑐

 + 
𝑉𝑟
𝑇𝑟
 + 

𝑉𝑒
𝑇𝑒
) + 

𝑉𝑒
𝑇𝑒

                (14) 

The change in the temperature of the fluid inside 

the compression and expansion spaces can be 

related to the change in the mass, volume, and 

pressure through the ideal gas law as 

𝑑𝑇𝑐 = 𝑇𝑐 (
𝑑𝑃

𝑃
+
𝑑𝑉𝑐

𝑉𝑐
−
𝑑𝑚𝑐

𝑚𝑐
)

𝑑𝑇𝑒 = 𝑇𝑒 (
𝑑𝑃

𝑃
+
𝑑𝑉𝑒

𝑉𝑒
−
𝑑𝑚𝑒

𝑚𝑒
)
}                 (15) 

The above analysis shows how the properties of 

the working fluid are related and calculated once 

the motion of each piston is known.  The 

expansion and compression work can then be 

evaluated as  

𝑑𝑊𝑐 = 𝑃𝑑𝑉𝑐
𝑑𝑊𝑒 = 𝑃𝑑𝑉𝑒

𝑑𝑤 = 𝑑𝑊𝑐 + 𝑑𝑊𝑒

}                         (16) 

𝑊 = 𝑊𝑐 +𝑊𝑒                                (17) 

Results and discussions  

The model presented above yields the power 

output from Stirling engine when the motion of 

the pistons is defined.  The model power output is 

evaluated for three different motion patterns given 

by Eqs. (18)-(23).  Equations (18) and (19) show 

the first pattern, it is the discontinues motion of the 

ideal Stirling cycle.  This motion is plotted in a 

dimensionless scale in Fig 3 (a) for the 

compression piston, x1c, and the expansion piston 

x1e. 

𝑥1𝑐 =

{
 
 

 
 
1                        0 ≤t ≤

𝜋

2𝜔

2 − 2
𝜔𝑡

𝜋
         

𝜋

2𝜔
≤ 𝑡 ≤

𝜋

𝜔

 0                    
𝜋

𝜔
≤ 𝑡 ≤

3𝜋

2𝜔
 

2
𝜔𝑡

𝜋
− 3         

3𝜋

2𝜔
≤ 𝑡 ≤

𝜋

𝜔

                 (18) 

𝑥1𝑒 =

{
 
 

 
 

2𝜔

𝜋
𝑡               0 ≤t ≤

𝜋

2𝜔

1                 
𝜋

2𝜔
≤ 𝑡 ≤

𝜋

𝜔

3 − 2
𝜔𝑡

𝜋
            

𝜋

𝜔
≤ 𝑡 ≤

3𝜋

2𝜔

0                  
3𝜋

2𝜔
≤ 𝑡 ≤

𝜋

𝜔

               (19) 

Similarly, equations (20) and (21) show the 

second motion pattern, it is a typical continuous 

sinusoidal motion as plotted in a dimensionless 

scale in Fig 3 (b) with a phase shift, , between 

the compression piston, x2c, and the expansion 

piston x2e. 

𝑥2𝑐 = 1 + cos(𝜔𝑡)                                (20) 

𝑥2𝑒 = 1 + cos(𝜔𝑡 + 𝛼)                         (21) 

Similarly, equations (22) and (23) show the third 

motion pattern, it is a modified sinusoidal motion.  

It consists of two sin functions combined by two 

constants B1 and B2 as plotted in a dimensionless 

scale in Fig 3 (c) with a phase shift, , between the 

compression piston, x3c, and the expansion piston 

x3e.   

𝑥3𝑐 =
𝐵1  cos(𝜔𝑡)+√(𝐵2

2−𝐵1
2 sin2(𝜔𝑡))

𝐵1+𝐵2
          (22) 

𝑥3𝑒 =
𝐵1 cos(𝜔𝑡+𝛼)+√(𝐵2

2−𝐵1
2 sin2(𝜔𝑡+𝛼))

𝐵1+𝐵2
 (23) 

where B1 and B2 are constant parameters to define 

the piston’s motion profile and the dwelling 

duration (angle) [25].  

Figure 3 shows the position of the pistons 

during a full working cycle for discontinuous ideal 

pattern as well as for the two continuous motions 

with a specified phase shift between the 

compression and expansion pistons.  Similarly, 

Fig. 4 shows the Stirling cycle resulted from such 

motions, plotted on the P-V diagram, at the 

highest work output condition. 

Figure 5 shows the power output for the sinusoidal 

motion, Eqs. (20)-(21) and Fig. 3 (b), as a ratio to 

the power produced by an ideal cycle operating at 

the same temperature ratio, t.  The results show 

that low temperature ratios bring the output power 

closer to the output of ideal cycle for all phase shift 

angles.  The highest output power reached is 97% 

of the ideal cycle, it occurs at a phase shift, , of 

81o.  Moreover, the output power changes with the 

phase shift.  Operating at 10o of the maximum 

power phase shift condition reduces the output 

power by 5-7%.   
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(a) 

 

(b) 

 

(c) 

 
 

Figure 3. The three examined piston’s motions 

(  __ compression,             _ _ _ compression) 
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(a) 

 

(b) 

 

(c) 

 
 

Figure 4. The Stirling cycle as P V plot fir the three piston’s motions 

(  __ compression,             _ _ _ compression) 

 

 

Similarly, Fig. 6 shows the power 

output ratio when the piston has the 

modified motion given by Eqs. (22)-(23) 

and Fig. 3 (c).  The highest output power 

reached is 88% of the power from an ideal 

cycle and obtained a phase shift of 55o.  
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Operating at 10o of the maximum power 

phase shift condition reduces the output 

power by 2%.  

Moreover, at the highest output 

phase shift condition, the power output 

ratio drops from 97% to 93%, as the cycle 

temperature ratio changes from 1.5 to 3, for 

sinusoidal motion pattern.  For modified 

sinusoidal motion, the output power drops 

from 88% to 78% at the highest phase shift 

condition 

 

.

 
Figure 5. Variation of output power with phase shift for different temperature ratios 

(Sinusoidal motion). 

 

 
Figure 6. Variation of output power with phase shift for different temperature ratios 

(Modified motion). 
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Conclusions 

The piston motion effect on the power 

output from a Stirling cycle machine is 

evaluated.  The power produced when the 

pistons have continuous motion is lower 

than the power produced from the ideal 

cycle for all operational temperature ratios.  

The power ratio decreases as the 

temperature ratio increases.  For a 

temperature ratio of 1.5, the highest 

produced power is 97% of the ideal cycle 

and occurs that occurs and phase-shift of 

81o.  Operating at 10o off the highest 

power phase shift condition reduces the 

output power by 5-7%.  For modified 

sinusoidal motion, the highest output power 

is 88% when the phase shift is 55o.  

Operating at 10o off the maximum power 

phase shift condition reduces the output 

power by 2%.  Moreover, at the highest 

output phase shift condition, the power 

output ratio drops from 97% to 93%, for 

sinusoidal motion as the cycle temperature 

ratio changes from 1.5 to 3.  For modified 

sinusoidal motion, the output power drops 

from 88% to 78% at the highest phase shift 

condition. 

 

Nomenclature 

A Cross sectional Area of the 

working space 

B1&B2 Parameters describing the modified 

motion pattern Eq.(22)-(23)  

cp Fluid specific heat at constant 

pressure 

cv Fluid specific heat at constant 

volume 

M Total mass of the working fluid 

filling the machine 

m Mass of the working fluid inside 

each compartment of the machine 

P Pressure 

Q Heat  

R Gas constant 

S Entropy 

T Temperature 

V Volume 

 

x Position of the pistons 

W Work 

 

 

 

Symbol 

 Phase shift 

 Specific heat ratio 

 Frequency 

Subscripts 

c Compression space 

e Expansion space 

dc Dead volume compression side 

de Dead volume expansion side 

in Inlet 

out Outlet 

h Heat exchanger at hot side  

k Heat exchanger at cold side  
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 آلات دورة ستيرلينغ ة الناتجة منتأثيرات حركة المكبس على الطاق
 

 ماجد معلا الحازمي 
 الهندسة الميكانيكية، جامعة الملك عبد العزيز

 جدة، المملكة العربية السعودية 
 

محرك ستيرلينغ عند إعطاء المكابس طاقة المنتجة من  تستخدم هذه الورقة نموذجًا بسيطًا لتقدير ال.  مستخلص
تم فحص   لنسب درجة حرارة تشغيلية مختلفة.  ثابت وانزياح طور متغير  بنمط محدد وتردد  حركة مستمرة 
نمطين للحركة المستمرة ، الجيبية والجيبية المعدلة ، ضد الحركة المتقطعة للدورة المثالية. الطاقة الناتجة من 

المكابس المتحركة باستمرار أقل من الطاقة الناتجة من الدورة المثالية. تنخفض نسبة الطاقة  المحركات ذات  
٪ من الدورة المثالية وتحدث 97، هي    1.5مع زيادة نسبة درجة الحرارة. أعلى طاقة منتجة بنسبة درجة حرارة  

طور الطاقة على تقليل    درجة من أعلى حالة تغيير  10درجة. يعمل التشغيل عند    81عند تحول طور قدره  
٪ عندما يكون  88  منتجة٪. بالنسبة للحركة الجيبية المعدلة ، تكون أعلى طاقة  7-5طاقة المنتجة بنسبة  

رجات من أقصى حالة تغيير طور الطاقة على تقليل طاقة  درجة. يعمل التشغيل عند    55تغيير الطور  
، تنخفض نسبة الطاقة  طاقة منتجةأعلى  عند فرق الطور المتسبب في  ٪. علاوة على ذلك ،  2بنسبة    المنتجة

بالنسبة للحركة  أما  .  3إلى    1.5٪ ، للحركة الجيبية حيث تتغير نسبة درجة حرارة الدورة من  93٪ إلى  97من  
 .يامن قيمتها العل٪   78٪ إلى 88تنخفض من فإن الطاقة المنتجة الجيبية المعدلة 


